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Abstract

Max-tolerance graphs can be regarded as generalized interval
graphs, where two intervals I; and I; only induce an
edge in the corresponding graph iff they overlap for an
amount of at least max{t;,t;} where ¢; is an individual
tolerance parameter associated to each interval I;,. A
new geometric characterization of max-tolerance graphs
as intersection graphs of isosceles right triangles, shortly
called semi-squares, leverages the solution of various graph-
theoretic problems in connection with max-tolerance graphs.
First, we solve the maximal and maximum cliques problem.
It arises naturally in DNA sequence analysis where the
maximal cliques might be interpreted as functional domains
carrying biologically meaningful information. We prove an
upper bound of O(n?) for the number of maximal cliques in
max-tolerance graphs and give an efficient O(n?) algorithm
for their computation. In the same vein, the semi-square
representation yields a simple proof for the fact that this
bound is asymptotically tight, i.e., a class of max-tolerance
graphs is presented where the instances have Q(n?) maximal
cliques. Additionally, we answer an open question posed in
[8] by showing that max-tolerance graphs do not contain
complements of cycles C,, for n > 9. By exploiting the
new representation more deeply, we can go even further and
prove that the recognition problem for max-tolerance graphs
is NP-hard.
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1 Introduction

Interval graphs have received substantial consideration
in discrete mathematics and computer science [5, 12, 4].
Many combinatorial problems which are, in general,
NP-hard have been shown to be efficiently solvable in
this case. Prominent examples are the maximum clique
problem [5] and the recognition problem [2]. Because
of its theoretical as well as practical importance, many
variants of interval graphs have been explored [7, 12].
The following variant arises naturally in a bioinfor-
matics application: For comparison of DNA sequences
from different organisms or individuals, the initial step
in such investigations is often to query a software tool
like BLAST [1] by giving a special genomic sequence @
as a parameter. BLAST will return all sequences from
its comprehensive database that share a very strong sim-
ilarity with at least parts of the input query sequence Q.
BLAST will align the found sequences to @, i.e., every
letter in the query sequence corresponds to one letter
(or an inserted gap) of each of the other sequences. In
the answer file from BLAST, the query sequence will
be displayed in its full length, enumerated from 1 to n,
where n denotes the number of letters in ). For all
other sequences only that specific part that shares the
similarity with @) is contained in the result (Fig. 1). Let
R be the set of all those resulting sequence parts. Since
gene sequences often consist of discernible parts, called
domains, one subset of R may be aligned to one part
of @) and another subset to another part of Q. Roughly
speaking, this imposes some kind of natural clustering
of the resulting sequences in R. These clusters are as-
sumed to correspond to domains that are often carri-
ers of a certain function in the protein encoded by the
sequence. However, to achieve the correspondence be-
tween the clusters and the biological structure, a careful
formal definition of these clusters has to be established.
We interpret the query sequence as a long interval and
all the answer sequences as sub-intervals of it. Now it is
required that every pair of sequences of a cluster share
with each other a certain part of the main interval de-
fined by the query sequence Q). To define a cluster, we
demand that for every two elements s; and s, at least a



Figure 1: Visualization of a BLAST output.

part of ratio 0 < ¢ < 1 of s7 is overlapped by ss and vice
versa. Note that in two cases (¢ = 0 and ¢ = 1) triv-
ial graphs result and these cases are thus omitted here.
Additionally we demand that each cluster be maximal
with respect to that property, i.e., no other sequence
can be added without violating this relation.

This viewpoint of the problem immediately leads
to the concept of min- and max-tolerance graphs [8]. In
min-tolerance graphs each interval I; is associated with
a tolerance t;, such that an overlap between two inter-
vals I; and I; induces an edge between the correspond-
ing vertices v; and v; iff [I;NI;| > min(t;, ;). Replacing
the operator min by max provides the definition for max-
tolerance graphs. In the application sketched above, t;
is then given by ¢ - |I;| and the question of maximal
clusters of DNA sequences now becomes the problem of
finding all maximal cliques in the corresponding max-
tolerance graph.

Interval graphs and many variants have been shown
to be perfect graphs, for which there are efficient
algorithms for many classical NP-complete problems.
In the case of max-tolerance graphs, easy examples
can be given that contain a Cj5, which means that
max-tolerance graphs are not perfect in general, so
the algorithmic machinery for perfect graphs is not
applicable in their case [7]. Despite the apparent
practical meaning of max-tolerance graphs, little is
known of them from the literature, e.g, that all chordless
cycles, trees and cactuses are max-tolerance graphs
[8, 10], whereas the 'min’-variant of the tolerance graphs
has received more attention.

For min-tolerance graphs for which ¢; < |I;| holds
for 1 < i < n holds (bounded min-tolerance graphs),
a geometric representation of the problem is known
where 2-layer parallelograms intersect if and only if the
corresponding intervals tolerate each other [3]. In this
article, we give a new set of results for max-tolerance
graphs also based on a geometric representation. Our
main tool is a new characterization of max-tolerance
graphs as intersection graphs of semi-squares, which are
squares cut in half along the diagonal.

Our article is organized as follows: In Section 2
the necessary definitions are given. Then we prove,

in Section 3, the equivalence of max-tolerance graphs
and intersection graphs of a corresponding set of simi-
lar semi-squares. With the new characterization, we can
prove, in Section 4, the maximum /maximal clique prob-
lem to be efficiently solvable for max-tolerance graphs
by achieving an upper bound. Additionally, we present
in Section 5 an efficient algorithm which allows the com-
putation of all maximal cliques in time O(n?®), when
the output consists of only the differences between two
successive maximal cliques. In Section 6, a worst-case
example shows that the given upper bound is asymp-
totically tight, i.e., there are graphs with ©(n3) max-
imal cliques. In Section 7, we show that the comple-
ment of a cycle C,, is not a max-tolerance graph for
n > 9, answering an open question from the text book
of Golumbic and Trenk, and in Section 8 we derive an
NP-hardness proof for the recognition problem of max-
tolerance graphs.

2 Definitions

Let S denote a set of n intervals I; = (x;,4;),1 < i < n,
r; < y;, where z; denotes the coordinate of the left
endpoint and y; denotes the coordinate of the right
endpoint. The length |I;| of an interval is defined as
y; — x;. Associated with each interval I; is a tolerance
parameter t; > 0 which describes the tolerance of the
interval. Note that for max-tolerance graphs we may
assume without loss of generality that ¢; < |I;|, since
otherwise the vertex representing I; is isolated. Let
I, = (x;,y;) and I; = (x;,y;) be two intervals. Their
overlap |I; N I;] is given by:

|I; N I;| = min{y;, y;} — max{x;, x;}

if the intervals have a common point. A max-
tolerance graph G = (V,E) is given by V =
{v1, ..., v, } representing the set of intervals where £ =
{irg} | 160 ] > max{ti 4}, 1< 6,5 <n}.

Given a graph G = (V,E), a clique is a set of
pairwise-connected vertices C C V. A clique is a
mazimal clique if there is no other clique C’ of which C'is
a subset. A clique is a mazimum clique if its cardinality
is maximal. The complement graph G of G is defined by
G = (V, E) where E contains exactly those edges that
are not in F.

The recognition problem of mazx-tolerance graphs is
defined as follows: For a given graph G, determine
whether there is a set of intervals associated with tol-
erances such that GG is the corresponding max-tolerance
graph. The following is a folklore observation which will
be used lateron more than once.

LEMMA 2.1. Any two disjoint convex polygons in the
plane can be separated by a line containing a side of
one of them.



3 Semi-square representation of the problem

In this section we introduce a concept equivalent to the
concept of max-tolerance graphs. Let 7 be a set of n
similar, axis parallel, isosceles triangles A;;1 < i < n
in the plane. Each triangle A; is uniquely described by
three parameters x;, y;, t; leading to the following set of
three points in the plane A;(x;,y:, t;) = (ai, b, ¢;):

(3.1) a; = (i, t;)
(3.2) by = (T4, y: — ;)
(33) C; = (yz — ti,ti)

We call such triangles semi-squares for short, since
the triangles can be viewed as the lower left halves of
squares cut along the diagonal.

We will now show the equivalence of any max-
tolerance graph G; to a corresponding intersection
graph G of semi-squares: For each interval I, €
S construct a semi-square A;(x;,y;,t;) according to
equation 3.1-3. The horizontal side @;¢; will be called
the basis, the vertical side a;b; is the cathetus, and
the side b;c; is the diagonal hypotenuse and its slope
is —1. The equation of the diagonal hypotenuse of A;
is hi(x) = y; — x for © € [x;,y; — ti]-

DEFINITION 3.1. For each max-tolerance graph Gy we
call Gi(Gt) the corresponding intersection graph of
semi-squares. If there is no ambiguity we omit the
parameter and just write Gp.

The following lemma states the crucial relation
between the intersection of two semi-squares and the
overlap of the corresponding two intervals:

LEMMA 3.1. Let A; and A; be the semi-squares con-
structed from intervals I; and I, respectively. Then,
A; and Aj intersect if and only if the two correspond-
ing intervals have an overlap |I; N I;| > max{t;,t;}.

Proof. W.l.o.g. we assume that x; > ;.

1. ti thi
AiNA;A£D
& a; €A
s ot < Yj — T
= mam{ti,tj} =1t § mm{yl,yj} —X; = |Iz ﬂIj|
2. 6, < tj:
AiNA;#0
= (l‘i,tj) S AiﬂAj
= yj—thxi/\aciztj
<~ |IZﬂIJ| :mm{yz,yj}—xz Zt]’ :max{ti,tj}

Furthermore, it is clear that every finite set of semi-
squares S = ((1‘&, ya)’ (mb’ yb)v (xw yc))’
Ta,Ya, Th, Yos TeyYe € RT can be transformed into a
set of intervals I; with z; = x, and y; = x4, + W
with tolerance t; = y, according to equations 3.1-3.
From Lemma 3.1 it follows that for this transformation
the intersection graph of the semi-squares corresponds
to the max-tolerance graph induced by the intervals.
Hence we state the following equivalence:

THEOREM 3.1. Maz-tolerance graphs are exactly inter-
section graphs of semi-squares.

4 An O(n®) bound on the number of maximal
cliques in max-tolerance graphs

We have just shown the correspondence between an
interval I, and a certain semi-square (ag,bg,cx). We
will use this correspondence to give a polynomial-sized
bound on the number of maximal cliques. The idea is
to characterize each maximal clique by a set of pairwise
intersecting semi-squares. Note that unlike the case of
rectangles, three semi-squares might pairwise intersect
without having any common intersection point.

PROPOSITION 4.1. Let M be a maximal clique and let
A (Ap, Ay) be one of its semi-squares with a lowest
hypotenuse (highest basis, rightmost cathetus, respec-
tively). Denote the relevant sides of these triangles by s
(h, v, respectively). Let V (s, h,v) be the set of all semi-
squares A such that ANs # 0, ANh # 0, ANv # 0, and
such that the hypotenuse of A is not strictly below s, the
basis of A is not strictly above h and the cathetus of A
is not strictly to the right of v. Then V (s, h,v) = M.

Proof. M C V(s,h,v): If A € M, the hypotenuse of A
is by definition not strictly below s. But then ANA, # ()
implies that A intersects s. Similarly for h and v, and
hence A € V(s, h,v).

V(s,h,v) € M: We will show that V (s, h,v) is a
clique and then M = V (s, h,v) will follow from the pre-
viously proven inclusion and the assumed maximality of
M. Suppose for the contrary that A’ A” € V (s, h,v)
and A’NA” = (. By Lemma 2.1, A’ and A" are sep-
arated by a line containing a side of one of them, say
the line passing through the hypotenuse of A’. Since
this line is not lower than s, it also separates A” from

A, and A” N's = (), contradicting the assumption
A" € V(s, h,v).

COROLLARY 4.1. Each mazimal clique is uniquely de-
termined by one semi-square with the lowest hypotenuse,
one with the highest basis and one with the rightmost
cathetus. The number of maximal cliques does not ex-
ceed n3 in any maz-tolerance graph G.



Note that the construction of the sets V (s, h,v)
for the different parameters s,h, and v just gives an
upper bound on the number of maximal cliques and
the set of cliques described in this way is just a set of
candidates. In the next section, we describe how to
efficiently compute the set of candidates and how to
determine whether a candidate actually is maximal.

5 Algorithmic aspects

5.1 How to determine the set of candidates

A simple way to determine the set of candidates
V (s, h,v) for the different parameters s, h and v is to
choose a triple (Ag, Ap, A,) of extreme semi-squares in
the sense of proposition 4.1. Then we check all semi-
squares to see whether they fulfill the conditions of the
set V(s, h,v). This can be done in O(1) for each semi-
square giving this simple approach a total complexity
of O(n*). Note that for ©(n3) maximal cliques of size
O(n) we have an output of size ©(n?).

Next, we present an improved algorithm in O(n?)
where the output consists of either a complete clique or
the differences from the previous one.

At first, we introduce some additional notation:

For any candidate clique, let S denote the semi-
square with the lowest hypotenuse s. All other semi-
square belonging to this set can be partitioned into
three subsets P(s),Q(s) and R(s) (Fig. 2), where the
semi-squares p € P(s) contain the upper corner bg of
S, the semi-squares ¢ € Q(s) contain the right corner
¢s but not bg of s and semi-squares r € R(s) do not
contain any corner of s but intersect the hypotenuse of
S. Note that because of the lowest hypotenuse of S in
the cliques of the candidate set, S contains the left lower
corners of the semi-squares from R(s). Extending this
notations, for B C {P(s),Q(s), R(s)} and a C {h,v},
define B(a) = {A € UB : Vgeo ANB # 0}. For the sake
of brevity, we simplify the notation by omitting several
parentheses in a selfexplanatory way, e.g., PR(s, h,v) =
{P(s), R(s)}({h, v})-

Now, we are ready for the description of the algo-
rithm. We start by sorting the set of all semi-squares:
once according to the x-coordinate of the left endpoint
of their basis and once according to the z-coordinate of
the right endpoint of their basis. This is followed by
choosing a semi-square S to be the one with the low-
est hypotenuse s. Then we extract P(s), @Q(s), and R(s)
from the sorted lists of semi-squares, where, for the gen-
eration of P(s) we choose the list of semi-squares sorted
by the a-coordinate of their right endpoints; for Q(s) we
choose the list sorted by z-coordinate of left endpoints;
and for R(s) we create two lists, RI(s) and Rr(s), gen-
erated from the lists sorted by left and right endpoint,
respectively. Then we choose a semi-square from R(s)

P(s)

R(s)

Q(s)

Figure 2: An illustration of P(s), R(s),Q(s) for some
semi-square S with hypotenuse s and some arbitrary
chosen parameters h and v. Note that |P(s)] = 3
whereas |P(s, h)| = 1. Analogously, the sizes of Q(s,h)
and Q(s) respectively R(s,h) and R(s) differ in this

example.

or P(s) which determines the highest basis. Let h again
denote this basis. From P(s), RI(s), Rr(s), and Q(s),
we keep only those elements that intersect h. This de-
fines the sets P(s,h),Q(s,h), as well as Ri(s,h) and
Rr(s,h).

Let 21 < 29 < < xp be the differ-
ent x-coordinates of the left corners of the elements
q1,42, - qx € Q(s,h)UR(s,h) = QR(s, h) in this order.
Let v; denote the vertical side of the semi-square ¢;.
We start with the construction of the clique V' (s, h,v1)
in linear time by checking the elements in the list of
P(T,h) to determine whether their right corner is right
of the vertical v, defined by the x-coordinate x; of ¢;.
Note that since these semi-squares are in P(s), their
lower left corner is never to the right of the lower left
corner of s, and thus also never to the right of 1. Thus,
they intersect a vertical line on position x;. This gives
the set P(s, h,v1) in time O(|P(s, h,v1)|). Similarly, for
Q(s,h) we check the list to determine whether the el-
ements have their left corner to the left of x1. Since
these semi-squares have their right corner to the right
(or on) the right corner of S, an intersection with a ver-
tical line on position z; is thus guaranteed. This is done
in time O(|Q(s, h,v1)|). For R(s,h), things are slightly
more complicated. Processing the list RI(s, h) gives the



elements with left corners to the left of x1, and we have
to remove the elements where the right corners are also
to the left of 1. The latter elements are determined
by processing the list Rr(s, h) up to the point z;. In a
formula, we can state

V(S?hyvl) = P(Sah’7vl) U Q(Sa h,’Ul) U R(‘S)h’avl)

Next assume that we have already computed
V (s, h,v;) for i > 1. Processing the entries of the four
lists between v; and v;41, we can determine

P(Sahvvi+1) = P(Sa h7vi)\Pl(svhavi+lavi)a

where the last term denotes the set of semi-squares from
P(s, h,v;) with right corners between the vertical sides
v; and v;41 of the semi-squares g; and ¢;41. Similarly,

Q(57 ha ’Ui+1> = Q(57 havi) U QI(57 ha Vi+1, ’Ui)a

where the last term denotes the set of semi-squares
from Q(s,h) with left corners between v; and wv;y.
R(s,h,v;y1) is determined as follows:

R(S7 ha Ui+1) =
(R(s,h,v;) URIl'(s,h,viy1,v:)) \Rr' (s, h,vis1,v;)

where the last two terms denote the set of semi-
squares from the lists Ri(s, h) and Rr(s, h) with respec-
tive left and right corners between v; and v;;1. Now

V(Sahyvi-‘rl) =
P(Sa h7 Ui+1) U Q(87 ha Ui+l) u R(Sa h, Ui+1)

The algorithm is summarized in Algorithm 1.

Global sorting can be accomplished in O(nlog(n))
since each extraction for a sublist costs O(n) because
we can determine in O(1) if an element belongs to
such a sublist by using simple linear algebra in the 2-
dimensional plane. The initialising set V (s, h,v1) for
fixed s and h can be computed in linear time by scanning
the various sorted lists. Finally, the iteration over the
v;’s takes O(n) time since we can use a pointer in each of
the sorted lists that only moves right with each iteration.
The time complexity involved is then proportional to the
width of the stride. In total, the time complexity of our
algorithm is O(n?).

THEOREM 5.1. The set of candidates V (s, h,v) for all
choices of s,h and v for maximal cliques can be deter-
mined in time O(n®) if we allow to output solely the
difference from the previous candidate clique.

5.2 How to determine the maximum and max-
imal cliques

Clearly, the candidates with the maximum cardinality
of elements represent the maximum cliques.

Algorithm 1: Algorithm for computing the candi-
dates for maximal cliques

Build a list L; containing all semi-squares
sorted by the left z-coordinate of their basis.
Build a list L, containing all semi-squares
sorted by the right z-coordinate of their basis.
Build a list L; containing all semi-squares
sorted by the y-coordinate of their basis.
foreach choice of semi-squares S with hy-
potenuse s extract P(s) from L, do

foreach semi-square in P(s) in descending
order with respect to the sorting and h its
basis: do

Extract Q(s,h) and RI(s,h) from L;.
Extract P(s,h) and Rr(s,h) from L,.
For ¢1 € Q(s,h)U RI(s, h) with leftmost
vertical side vy output V(s,h,v1) as
defined above.

For every z-coordinate of v; ¢ > 1
output the difference of V (s, h,v;) from
the previous candidate V(s, h,v;_1) as
follows:

ADD QI(S, h, Vi, ’Uifl)

ADD Rl/(S, h, Vi ’1)1;1)

REMOVE P/(S, h, Vi, 'Uz'—l)

REMOVE Rr/(s, h,v;,v;—1)

end
end

THEOREM 5.2. The mazimum cliques can be found in
time O(n?).

The decision whether a given candidate really rep-
resents a maximal clique is more difficult. A straightfor-
ward way is to compare all candidates pairwise, which
would lead to an O(n") algorithm. We can considerably
improve this by observing that each candidate V (s, h, v)
which is not a maximal clique can be extended in at least
one of the three parameters s, h, or v.

By the incremental construction of the candi-
dates, V (s, h,v;) is extendable to V (s, h,v;41) with re-
spect to parameter v if P'(s,h,v;11,v;) is empty and
Rr'(s,h,vit1,v;) C RlU'(s,h,viy1,v;) is true. In this
case, no semi-square is removed and V (s, h,v;) can be
marked as extendable.

Performing analogous sweeps as before in the diag-
onal direction with fixed parameters h and v as well as
in the vertical direction with fixed parameters s and v,
we determine in O(n3) the cliques which are extend-
able with respect to parameters s and h. Finally, all
candidates that are not marked as extendable are the
maximal candidates.



THEOREM 5.3. All mazximal cliques can be identified in
time O(n3).

Next we prove that our bound for the number of
possible maximal cliques is not overestimated.

6 A lower bound example

In this section, we present a class of instances leading
to Q(n3) maximal cliques. Figure 3 illustrates the idea
and in the following we refer to it implicitly. Let m be
a fixed parameter, e.g., m = 4 as in Figure 3.

Let 1 < s < m be fixed for the moment. We only
consider maximal cliques that contain ¢, as well as r,.
Now for each pair (hg,vp) with s < b < a we obtain
a maximal clique which is made unique by adding k;
to the clique. More formally this maximal clique is
comprised of

{t&’rsa Ts+1s-++3Tm, haa ha+17 ey hmv
Va,Va—1,- -+, Vb, kba kb—l; ) ks}
For our fixed s this gives rise to
m—s+1
Y il =2(m-s+1)%)
j=1

maximal cliques. Note that for two different choices for
s, say §1 # So, all these maximal cliques are different
since they are made unique by the choice of the ¢5, and
ts, respectively. Altogether this adds up to

Q <i(m —s+ 1)2> =0 <i 52> = Q(m?)

s=1
and since we only need exactly n = 5m semi-squares, we
conclude that the lower bound is Q(n?) maximal cliques.

rororr
[

KoKk ok

[N

Figure 3: Example for 2(n3) maximal cliques in a max-
tolerance graph.

7 Complements of cycles

Golumbic and Trenk [8] note that max-tolerance graphs
are not perfect because every (odd) cycle is a max-
tolerance graph. In this connection they ask if com-
plements of cycles are also max-tolerance graphs (Ques-
tion 12.33 in [8]). We show how handy the geometric
interpretation is by giving a very simple solution to this
problem.

We use Lemma 2.1, which implies that two disjoint
semi-squares can be separated by a line containing a
side of one of them.

1 i I

(b)

Figure 4: a) shows the three different types of positions
of disjoint semi-squares. b) shows two pairs of disjoint
semi-squares (A,C) and (B,D) in the same position.

Two nonadjacent semi-squares must lie in one of the
three positions illustrated in Figure 4 (but of course it
may happen that more than one case applies, as, e.g., in
the right picture whose semi-squares lie also in position
10).

LEMMA 7.1. Let A, B,C,D be semi-squares such that
the pairs A, C and B, D are disjoint, while any other two
pairs intersect. Then the pairs A,C and B, D cannot lie
in the same position.

Proof. Suppose, without loss of generality, that both
pairs lie in position II, and e.g., the whole semi-square



C lies below the base line of A, and the whole semi-
square D lies below B. Since B intersects C, the base
line of B lies below the base line of A. Then D, lying
below the base line of B, cannot intersect A (Figure 4).

PrROPOSITION 7.1. The complement of a cycle of length
greater than 9 is not a maz-tolerance graph.

Proof. Suppose the complement of C), is a max-
tolerance graph, and consider a semi-square-intersection
representation. Color every edge of C, by one of the
colors I, I1, or III, depending on the relative position of
the (disjoint) semi-squares representing its end-vertices.
By the preceding lemma, no two edges of the same color
form an induced matching in C,,, and hence each color
is used on at most three edges. Thus n < 9.

8 Recognition

In this section we present another result deduced from
the geometric representation, namely the NP-hardness
of the recognition problem:

THEOREM 8.1. Recognition of maz-tolerance graphs is
NP-hard.

Proof. We sketch the NP-hardness proof for recognition
of intersection graphs of congruent semi-squares.

This proof closely follows along the lines of [9, 11].
In [9, 11] a more general concept called the noncrossing
arc-connected set is introduced. Two arc-connected
sets are called noncrossing if their boundaries share at
most two connected sections, or in other words, if the
boundary of their union can be partitioned into two
connected parts, each belonging to the boundary of one
of the sets. Any two semi-squares are noncrossing. Thus
we can utilize the reduction from [9, 11] which reduces
NAE-SAT to the recognition problem. (A CNF-formula
is called NAE-satisfiable if it allows a truth assignment
of the variables such that every clause contains at least
one true and at least one false literal.) For a CNF-
formula ® with exactly 3 variables per clause and at
most 4 occurrences per variable (it may be assumed
without negations), a graph G is constructed such that
if @ is not NAE-satisfiable, G cannot be represented
as an intersection graph of noncrossing arc-conected
sets, whereas if ® is satisfiable, G is an intersection
graph of disks. We show that the same construction
yields a graph that is an intersection graph of congruent
semi-squares (if the formula is NAE-satisfiable). This
will be proven by showing how the building blocks of
the reduction can be represented. We will also briefly
describe the idea of the reduction, but the reader is
referred to [9, 11] for details.

Given &, first draw the incidence graph of @
as a rectilinear drawing (i.e., vertices in this graph

are variables and clauses of ®, and edges connect
each clause to its variables). Note that the drawing
cannot be considered noncrossing since NAE-SAT is
polynomial for planar formulas. Add dummy vertices
subdividing the edges and representing faces of the
drawing to ensure a topologically unique drawing.
Now variables will be replaced by variable gadgets
which are cycles of length 8. These cycles can be
represented either clockwise or counter-clockwise, thus
encoding whether the variable is true or false. Edges
are replaced by so-called ladders (pairs of paths of equal
length with corresponding adjacent vertices). In any
representation by noncrossing sets, the relative position
of the sets representing the last two vertices is the same
as that of the first two [11], and this fact is used to
transfer the true/false information from the variable
to the clause. A crucial role is played by so-called
crossover components that allow two ladders to either
cross or touch without crossing. These crossover
components are placed on pairs of edges leaving each
variable, enabling the ladders to lead in the direction
of appropriate clauses regardless of the orientation
of the representation of the variable cycle (the truth
valuation of the variable). The crossover components
are also placed in the edge crossings (where they end
up being used only in the crossing representation).
The most complicated is the clause gadget, formed by
a cycle and extensions of the three ladders incoming
from the variables (Fig. 8). These extensions must be
represented inside the bounding clause cycle and are
further connected by three paths (referred to as chains)
in such a way that representation by arc-connected
sets is impossible if all variables have the same value.
A case analysis shows that the clause gadget has a
representation by semi-squares when the variables do
not have the same value. The figures appear in the
Appendix.

Acknowledgements: We thank Kay Nieselt and
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9 Appendix

Figure 5: The ladder and vertical, horizontal, and bent
representation.
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Figure 6: Crossover component of two ladders and
crossing and touching representations.
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Figure 7: Variable gadget and schematic illustration of
TRUE and FALSE representations.
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Figure 8: Schematic illustration of the clause gadget.
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Figure 9: Tllustration of the clause gadget representation
for x = y =TRUE and z =FALSE.
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Figure 10: Representations of the efH part of the
clause gadget show that H (the bold semi-square) can
be placed in all three possible positions, so that the
chain starting in H can reach B without crossing the
other two chains.
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Figure 11: a) shows a representation of the bdBac part
of the clause gadget in the case x =TRUE, y =FALSE
showing that ¢ can be reached by its chain either from
left or right of d. b) shows the representation of the
bdBac part of the clause gadget in the case x =FALSE,
y =FALSE.
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Figure 12: Representation of the bdBac part of the
clause gadget in the case x =FALSE, y =TRUE showing
that ¢ can be reached by its chain either from left or
right of d.



